A positive proportion of locally soluble quartic Thue equations is
  globally insoluble by Akhtari, Shabnam
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A POSITIVE PROPORTION OF LOCALLY SOLUBLE
QUARTIC THUE EQUATIONS IS GLOBALLY INSOLUBLE
SHABNAM AKHTARI
Abstract. For any nonzero integer h, we show that a positive propor-
tion of integral binary quartic forms F does locally everywhere represent
h, but does not globally represent h. We order classes of integral binary
quartic forms by the two generators of their rings of invariants, classi-
cally denoted by I and J .
1. Introduction
Let h ∈ Z. We will prove the existence of many integral quartic forms
that do not represent h. In other words, we aim to show many quartic Thue
equations
(1) F (x, y) = h
have no solutions in integers x and y, where F is an irreducible binary
quartic form with coefficients in the integers.
Let
F (x, y) = a0x
4 + a1x
3y + a2x
2y2 + a3xy
3 + a4y
4.
The discriminant D of F is given by
D = DF = a
6
0(α1−α2)2(α1−α3)2(α1−α4)2(α2−α3)2(α2−α4)2(α3−α4)2,
where α1, α2, α3 and α4 are the roots of
F (x, 1) = a0x
4 + a1x
3 + a2x
2 + a3x+ a4.
The invariants of F form a ring, generated by two invariants of weights 4
and 6, namely
I = IF = a
2
2 − 3a1a3 + 12a0a4
and
J = JF = 2a
3
2 − 9a1a2a3 + 27a21a4 − 72a0a2a4 + 27a0a23.
These are algebraically independent and every invariant is a polynomial in
I and J . For the invariant D, we have
27D = 4I3 − J2.
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Following [4], we define the height H(F ) of a quartic binary form F (x, y)
as follows;
(2) H(F ) := H(I, J) := max
{∣∣I3∣∣ , J2
4
}
,
where I = IF and J = JF .
We note that if F (x, y) = h has no solution, and G is a proper subform of
F , i.e.,
(3) G(x, y) = F (ax+ by, cx+ dy)
for some integer matrix A =
(
a b
c d
)
with |detA| > 1, then clearly G(x, y) = h
will also have no integer solutions. We will call a binary form maximal, if it
is not a proper subform of another binary form.
Our goal in this paper is to show that many (indeed, a positive proportion)
of binary quartic forms are not proper subforms, locally represent h at every
place, but globally do not represent h. The following is our main result.
Theorem 1.1. Let h be any nonzero integer. When integral binary quartic
forms F (x, y) ∈ Z[x, y] are ordered by their height H(I, J), a positive pro-
portion of the GL2(Z)-classes of these forms F has the following properties:
(i) they locally everywhere represent h (i.e., F (x, y) = h has a solution
in R2 and in Z2p for all p);
(ii) they globally do not represent h (i.e., F (x, y) = h has no solution
in Z2); and
(iii) they are maximal forms (i.e., F is not a proper subform of any other
form).
In other words, we show that a positive proportion of quartic Thue equa-
tions F (x, y) = h fails the integral Hasse principle, when classes of integral
quartic binary forms F are ordered by the height H(I, J), defined in (2).
We will construct a family of quartic forms that do not represent a given
integer h and obtain an explicit lower bound for the positive density of such
forms.
In a joint work with Manjul Bhargava [2], we proved a similar result to
Theorem 1.1. In [2] the binary forms of any given degree are ordered by
naive height (the maximum of absolute values of their coefficients). The-
orem 1.1 is new, as we use a different ordering of quartic forms, which is
more interesting for at least two reasons; here quartic forms are ordered by
two quantities I and J , as opposed to five coefficients, and I and J are in-
variants under the actions of GL2(Z) matrices, while the coefficients of two
equivalent forms can be wildly distributed. In [2], for any fixed integer h,
we showed that a positive proportion of binary forms of degree n ≥ 3 does
not represent h, when binary n-ic forms are ordered by their naive heights.
Moreover, for n = 3, we established the same conclusion when cubic forms
are ordered by their absolute discriminants. Davenport-Heilbronn Theorem,
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which states that the number of equivalence classes of irreducible binary cu-
bic forms per discriminant is a constant on average, was an essential part
of our argument in [2] for cubic forms. More importantly we made crucial
use of the asymptotic counts given by Davenport-Heilbronn Theorem for
the number of equivalent integral cubic forms with bounded absolute dis-
criminant (see the original work in [7], and [2] for application and further
references). Such results are not available for binary forms of degree larger
than 3. For quartic forms, fortunately we are empowered by beautiful re-
sults due to Bhargava and Shankar that give asymptotic formulas for the
number of GL2(Z)-equivalence classes of irreducible integral binary quartic
forms having bounded invariants. These results will be discussed in Section
3.
This paper is organized as follows. In Section 2 we introduce some nota-
tions, and discuss the necessary preliminaries and essential results that we
need from [1]. Section 3 contains important results, all cited from [4], about
the height H(I, J). In Sections 4 and 5 we impose conditions on the splitting
behavior of the forms used in our construction modulo different primes to
make sure we produce a large enough number of forms (which in fact form a
subset of integral quartic forms with positive density) that do not represent
h, without any local obstruction. In our final Section 6, we summarize our
assumptions made in Sections 4 and 5, and apply essential results cited in
Sections 2 and 3 to conclude that the quartic forms that we construct form
a subset of integral quartic forms with positive density.
2. Preliminaries
A pair (x0, y0) ∈ Z2 is called a primitive solution to F (x, y) = m if
F (x0, y0) = m and gcd(x0, y0) = 1. We will use the following result from
[1] to obtain upper bounds for the number of primitive solutions of Thue
equations.
Proposition 2.1. Let F (x, y) ∈ Z[x, y] be an irreducible binary form of
degree 4 and discriminant D. Let m be an integer with
0 < m ≤ |D|
1
6
−ǫ
(3.5)24
2
3
,
where 0 < ǫ < 16 . Then the equation |F (x, y)| = m has at most
36 +
4
3ǫ
primitive solutions. In addition to the above assumptions, if we assume that
the polynomial F (X, 1) has 2i non-real roots, with i ∈ {0, 1, 2}, then the
number of primitive solutions does not exceed
36− 16i + 4− i
3ǫ
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Let F (x, y) ∈ Z[x, y] be an integral binary form and A = ( a bc d ) an integer
matrix. We define the binary form FA by
FA(x, y) := F (ax+ by, cx+ dy).
Then, for A,B ∈ GL2(Z), we have (FA)B(x, y) = FAB(x, y). Furthermore,
if (x0, y0) is a solution of F (x, y) = h, then
A
(
x0
y0
)
=
(
ax0 + by0
cx0 + dy0
)
,
and so (ax0 + by0, cx0 + dy0) is a solution of F
A−1(x, y) = h.
If F (x, y) factors in C as
F (x, y) =
4∏
i=1
(αix− βiy),
then the discriminant DF of F is given by
DF =
∏
i<j
(αiβj − αjβi)2.
It follows that, for any 2× 2 matrix A, we have
(4) DFA = (detA)
12DF .
If A ∈ GL2(Z), then we say that ±FA is equivalent to F .
If F1 and F2 are equivalent, then DF1 = DF2 , and for every fixed integer
h, the number of primitive solutions to F1(x, y) = h equals the number of
primitive solutions to F2(x, y) = h. As we pointed out in Introduction, the
invariants IF and JF of an integral quartic form F have weights 4 and 6,
respectively. This means
(5) IFA = (detA)
4IF ,
and
(6) JFA = (detA)
6JF .
Consequently, by definition of the height H in (2), we have
(7) H(FA) = (detA)12H(F ),
3. On Bhargava–Shankar height H(I, J)
In [4] Bhargava and Shankar introduce the height H(F ) (see (2) for def-
inition) for any quartic form F . In this section we present some of the
asymptotical results in [4], which will be used in our proofs. Indeed these
asymptotic formulations are the reason that we are able to order quartic
forms with respect to their I and J invariants. We start with one of the
most essential counting tools for establishing our main result.
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Theorem 3.1 (Bhargava, Shankar). Let h(i)(I, J) denote the number of
GL2(Z)-equivalence classes of irreducible binary quartic forms having 4−2i
real roots in P1 and invariants equal to I and J . Then
(a)
∑
H(I,J)<X
h(0)(I, J) =
4
135
ζ(2)X5/6 +O(X3/4+ǫ);
(b)
∑
H(I,J)<X
h(1)(I, J) =
32
135
ζ(2)X5/6 +O(X3/4+ǫ);
(c)
∑
H(I,J)<X
h(2)(I, J) =
8
135
ζ(2)X5/6 +O(X3/4+ǫ).
One may ask which integer pairs (I, J) can actually occur as the invariants
of an integral binary quartic form. The following, which is Theorem 1.7 of
[4], provides a complete answer to this question.
Theorem 3.2 (Bhargava-Shankar). A pair (I, J) ∈ Z × Z occurs as the
invariants of an integral binary quartic form if and only if it satisfies one of
the following congruence conditions:
(a) I ≡ 0 (mod 3) and J ≡ 0 (mod 27),
(b) I ≡ 1 (mod 9) and J ≡ ±2 (mod 27),
(c) I ≡ 4 (mod 9) and J ≡ ±16 (mod 27),
(d) I ≡ 7 (mod 9) and J ≡ ±7 (mod 27).
It follows that the number of eligible (I, J) ( i.e., it occurs as the invariants
of some binary quartic forms), with H(I, J) < X, is a constant times X5/6.
So Theorems 3.1 and 3.2 imply that the number of classes of binary quartic
forms per eligible (I, J) is a finite constant on average.
In fact, Bhargava and Shankar prove a strengthening of Theorem 3.1.
They obtain the asymptotic count of binary quartic forms, having bounded
invariants, satisfying any specified finite set of congruence conditions, or even
a suitable infinite set of such conditions. We will need these modifications.
Before stating these results, we recall a few more notations from [4].
Let VR denote the vector space of binary quartic forms over the real
numbers R. The group GL2(R) naturally acts on VR. The action of GL2(Z)
on VR preserves the lattice VZ consisting of the integral elements of VR. The
elements of VZ are the forms that we are interested in. Let V
i
Z denote the
set of elements in VZ having nonzero discriminant and i pairs of complex
conjugate roots and 4− 2i real roots.
For any GL2(Z)-invariant set S ⊆ VZ, let N(S;X) denote the number of
GL2(Z)-equivalence classes of irreducible elements f ∈ S satisfying H(f) <
X. In fact, Theorem 3.2 provides estimates for N(S;X).
For any set S in VZ that is definable by congruence conditions, following
[4], we denote by µp(S) the p-adic density of the p-adic closure of S in VZp ,
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where we normalize the additive measure µp on VZp so that µp(VZp) = 1.
The following is a combination of Theorem 2.11 and Theorem 2.21 of [4].
Theorem 3.3 (Bhargava-Shankar). Suppose S is a subset of VZ defined by
congruence conditions modulo finitely many prime powers, or even a suitable
infinite set of prime powers. Then we have
(8) N(S ∩ V (i)Z ;X) ∼ N(V (i)Z ;X)
∏
p
µp(S),
where µp(S) denotes the p-adic density of S in VZ.
The statement of Theorem 3.3 for finite number of congruence conditions
follows directly from Theorem 2.11 [4]. We refer the reader to Subsection 2.7
of [4] on Squarefree Sieve, in particular Theorem 2.21 of [4], for the specific
congruence conditions that are suitable for infinitely many primes. See also
our Remark at the end of this article for verification.
Later in our proofs, in order to construct many inequivalent quartic forms,
it will be important to work with quartic forms that have no non-trivial
stabilizer in GL2(Z). We note that the stabilizer in GL2(Z) of an element
in VR always contains the identity matrix and its negative, and has size at
least 2. We will appeal to another important result due to Bhargava and
Shankar, which bounds the number of GL2(Z)-equivalence classes of integral
binary quartic forms having large stabilizers inside GL2(Z). The following
is Lemma 2.4 of [4].
Proposition 3.4. The number of GL2(Z)-orbits of integral binary quartic
forms f ∈ VZ such that δ(f) 6= 0 and H(f) < X whose stabilizer in GL2(Q)
has size greater than 2 is O(X3/4+ǫ).
4. Quartic Forms Splitting Modulo a Prime
Definition. We define the subset V ′Z of integral binary quartic forms VZ
to be those forms F that have trivial stabilizer (of size 2).
By Proposition 3.4, V ′Z a dense subset of equivalence classes of quartic
forms and selecting our forms from V ′Z will not alter the p-adic densities
that we will present later. From now on we will work only with classes of
forms in V ′Z.
Definition. Assume that F (x, y) is an irreducible quartic form. We say
that F (x, y) splits completely modulo a prime number p, if either
(9) F (x, y) ≡ m0(x− b1y)(x− b2y)(x− b3y)(x− b4y) (mod p),
or
(10) F (x, y) ≡ m0y(x− b2y)(x− b3y)(x− b4y) (mod p),
where m0 6≡ 0 (mod p), and b1, b2, b3, b4 are distinct integers modulo p, and
further
(11) b2, b3, b4 6≡ 0 (mod p).
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We note that the assumption (11) is particularly necessary in case (10).
Let p ≥ 5 be a prime. The p-adic density of binary quartic forms that
split completely modulo p is given by
µp =
(p − 1)
(
p(p−1)(p−2)(p−3)
4! +
(p−1)(p−2)(p−3)
3!
)
p5
(12)
=
(p − 1)
(
(p+4)(p−1)(p−2)(p−3)
4!
)
p5
=
(p − 1)2(p+ 4)(p − 2)(p − 3)
4! p5
,
where in the first identity in (12), the summand p(p−1)(p−2)(p−3)4! in the nu-
merator counts the corresponding forms in (9) and the summand (p−1)(p−2)(p−3)3!
counts the corresponding forms in (10). Clearly the factor p−1 in the numer-
ator counts the number of possibilities form0 modulo p and the denominator
p5 counts all quartic forms with all choices for their five coefficients modulo
p.
Now assume F (x, y) is an irreducible quartic form that splits completely
modulo prime p. For j ∈ {1, 2, 3, 4}, we define
Fbj (x, y) := F (px+ bjy, y),
and additionally in case of (10),
F∞(x, y) := F (py, x)
We claim that these four forms are pairwise inequivalent. Indeed, any
transformation B ∈ GL2(Q) taking, say Fb2(x, y) to Fb3(x, y) must be of
the form B =
(
p b2
0 1
)−1
A
(
p b3
0 1
)
, where A ∈ GL2(Q) stabilizes F (x, y). Since
we assumed F ∈ V ′Z, the 2 × 2 matrix A must be the identity matrix or
its negative, and so B = ±( p b2
0 1
)−1( p b3
0 1
)
. But B /∈ GL2(Z), as p ∤ (b2 −
b3). Therefore, we conclude that Fb2(x, y) and Fb3(x, y) are not GL2(Z)-
equivalent.
Similarly any transformation B ∈ GL2(Q) taking F∞(x, y) to Fb2(x, y)
must be of the form B =
(
0 p
1 0
)−1
A
(
p b2
0 1
)
, where A ∈ GL2(Q) stabilizes
F (x, y). This change-of-variable matrix does not belong to GL2(Z), unless
b2 ≡ 0 (mod p). Therefore, F∞(x, y), Fb2(x, y) and Fb3(x, y) Fb4(x, y) are
pairwise inequivalent, as long as none of b2, b3 and b4 are a multiple of p
(this motivated the extra assumption (11) in our definition). Starting with
a form F that belongs to V ′Z and splits completely modulo the prime p, we
can construct 4 quartic forms that are pairwise inequivalent.
Let
F (x, y) = a0x
4 + a1x
3y + a2x
2y2 + a3xy
3 + a4y
4 ∈ Z[x, y],
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with content 1 (i.e.; the integers a0, a1, a2, a3, a4 have no common prime
divisor). Suppose that
(13) F (b, 1) ≡ 0 (mod p), with b ∈ Z.
Put
(14) Fb(x, y) = F (px+ by, y) = e0x
4 + e1x
3y + e2x
2y2 + e3xy
3 + e4y
4.
Then
(15) e4−j = p
j
4−j∑
i=0
ai b
4−i−j
(
4− i
j
)
.
If j ≥ 1, clearly e4−j is divisible by p. Since e4 = F (b, 1), by (13), e4 is also
divisible by p. We also notice that e3 = pf
′(b), where f ′(X) denotes the
derivative of polynomial f(X) = F (X, 1). Therefore, if b is a simple root
modulo p then f ′(b) 6≡ 0 (mod p) and
F˜b(x, y) =
Fb(x, y)
p
is congruent to
(16) y3L(x, y) (mod p),
where L(x, y) = l1x+ l2y is a linear form modulo p, with l1 6≡ 0 (mod p).
We also note that H(Fb), defined in (2), as well as the invariants of the
form Fb, can be expressed in terms of invariants of the form F , as Fb is
obtained under the action of a 2 × 2 matrix of determinant ±p on F . By
(5), (6), and (7), we have
DFb = p
12DF ,
IFb = p
4IF ,
JFb = p
6JF ,
H (Fb) = H (IFb , JFb) = p12H(F ).
After multiplication of the form Fb(x, y) by p
−1, we therefore have
DF˜b = p
6disc(F )
IF˜b = p
2IF ,
JF˜b = p
3JF ,
H
(
F˜b
)
= H
(
IF˜b , JF˜b
)
= p6H(F )(17)
Now let us consider the quartic Thue equation
F (x, y) = m,
where m = p1p2p3h, and p1, p2, and p3 are three distinct primes greater
than 4, and gcd(h, pk) = 1, for k ∈ {1, 2, 3}. We will further assume that
the quartic form F (x, y) splits completely modulo p1, p2, and p3. In the
following, we will construct 43 binary quartic forms Gj(x, y), for 1 ≤ j ≤ 43,
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and will make a one-to-one correspondence between the set of primitive
solutions of F (x, y) = m and the union of the sets of primitive solutions
of Gj = h, for 1 ≤ j ≤ 43. Using Proposition 2.1, we will obtain a small
upper bound for the number of integral solutions to the equation F (x, y) =
m = p1p2p3h, which will lead us to conclude that some of newly constructed
Thue equations Gj = h cannot have any solutions.
We will apply the above reduction procedure in three steps modulo primes
p1, p2, and p3. First we note that if
F (x, y) ≡ m0(x− b1y)(x− b2y)(x− b3y)(x− b4y) (mod p1)
and
F (x, y) ≡ m′0(x− c1y)(x− c2y)(x− c3y)(x− c4y) (mod p2),
then for any b ∈ {b1, b2, b3, b4}, we have
F˜b(x, y) ≡ m′′0(x− c′1y)(x− c′2y)(x− c′3y)(x− c′4y) (mod p2),
where
c′j = p1cj + b.
The integers c′1, c
′
2, c
′
3, c
′
4 are indeed distinct modulo p2, as c1, c2, c3, c4 are
so and p1 is invertible modulo p2. So we conclude that each quartic form
F˜bj (x, y) splits completely modulo p2, as well.
Applying the above procedure, with the prime p2, to each of F˜bj (x, y),
with j = 1, 2, 3, 4, we then obtain 42 inequivalent quartic forms with dis-
criminant
p62 p
6
1DF .
Applying the above procedure once again with the prime p3 to each one of
42 forms, we obtain 43 quartic forms with integral coefficients, content 1,
and discriminant
p63 p
6
2 p
6
1DF .
We denote these binary forms Gj , for j = 1, . . . , 4
3. By (17), we have the
following basic identity.
(18) H (Gj) = (p1p2p3)6H(F ),
for j = 1, . . . , 64.
We note that if F (x, y) is irreducible over Q, its associated forms Gj(x, y)
will also be irreducible over Q as all of the matrix actions are rational.
Furthermore, the Gj ’s are not constructed as proper subforms of the quartic
binary form F (x, y), and in fact the Gj ’s must be maximal forms as well
(see the definition of a subform in (3)). Indeed, they are maximal over Zp
for all p /∈ {p1, p2, p3} (being equivalent, up to a unit constant, to F (x, y)
over Zp in that case), while for p ∈ {p1, p2, p3}, we have p ∤ DF , implying
p2||DGj , and so Gj cannot be a subform over Zp of any form by equation (4).
Therefore the Gj ’s are all maximal forms.
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Now assume that (x0, y0) ∈ Z2 is a solution to F (x, y) = m = p1m1. We
continue assuming that F splits completely modulo p1. If
F (x, y) ≡ m0(x− b1y)(x− b2y)(x− b3y)(x− b4y) (mod p1),
then since (x0, y0) is a solution of
F (x, y) = p1m1,
we have
p1|F (x0, y0).
So
p1|(x0 − biy0)
for some i ∈ {1, 2, 3, 4}. The value of i is uniquely determined by the solution
(x0, y0), as bj’s are distinct modulo p1. Therefore x0 = p1X0+biy0, for some
X0 ∈ Z. And (X0, y0) is a solution to
F˜i(x, y) =
1
p
F (p1x+ biy, y) = m1 =
m
p1
.
Conversely, assume that (X0, y0) ∈ Z2 is a solution to
F˜i(x, y) =
1
p
F (p1x+ biy, y) = m1 =
m
p1
,
where i is fixed. First we observe that p1 ∤ y0. Because otherwise p1 |
p1X0 + biy0 and p
4
1 | mp1 , which is a contradiction. Now by construction of
the form F˜i(x, y), we clearly have (x0, y0), with
x0 = p1X0 + biy0,
satisfy the equation F (x, y) = m. Further, if (X0, y0) is a primitive solution
of F˜i(x, y) =
m
p1
, since p1 ∤ y0, we have gcd(x0, y0) = 1. Similarly, when
F (x, y) ≡ m0y(x− b2y)(x− b3y)(x− b4y) (mod p1),
the pair (x0, y0) ∈ Z2 with p1 | y0 is a primitive solution of
F (x, y) = p1m1,
if and only if (Y0, x0), with Y0 =
y0
p1
, is a primitive solution to F˜∞(x, y) =
m
p1
.
Applying this argument for primes p2 and p3 establishes a one-to-one
correspondence between the primitive solutions of the equation F (x, y) = m
and the set of the primitive integral solutions of the 43 equations
Gj(x, y) =
m
p1p2p3
= h.
These observations are summarized in the following lemma.
Lemma 4.1. Let h be an integer, and p1, p2, and p3 be three distinct primes
greater than 4 that do not divide h. Let F (x, y) ∈ Z[x, y] be a quartic binary
form that splits completely modulo primes p1, p2, and p3. Then there are
64 quartic binary forms Gi(x, y) ∈ Z[x, y], with 1 ≤ i ≤ 64, such that every
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primitive solution (xl , yl) of the equation F (x, y) = hp1p2p3 corresponds
uniquely to a triple (j, xl,j , yl,j), with
j ∈ {1, 2, . . . , 64}, xl ,j, yl ,j ∈ Z, gcd(xl ,j, yl ,j) = 1,
and
Gj(xl ,j, yl ,j) = h.
We remark that the reduction of Thue equations F (x, y) = m modulo
prime divisors of m is a classical approach, and some sophisticated applica-
tions of it to bound the number of solutions of Thue equations can be found
in [6, 9].
5. Avoiding Local Obstructions
In the previous section, we constructed a number of quartic binary forms
Gj and established Lemma 4.1, which implies that many of the forms Gj do
not represent a fixed integer h. In this section we will work with a proper
subset of the set of all quartic forms to ensure that we are not constructing
forms that could not represent the integer h modulo some primes. We will
impose some extra congruence conditions in our choice of forms F (x, y),
resulting in construction of 43 forms Gi that locally represent h. For each
prime p, we will make some congruence assumptions modulo p and present
p-adic densities for the subset of quartic forms that satisfy our assumptions
to demonstrate that we will be left with a subset of VZ with positive density.
Before we divide up our discussion modulo different primes, we note that
by (3), if a form is non-maximal, then either it is not primitive, or after an
SL2(Z)-transformation it is of the form a0x
4+a1x
3y+a2x
2y2+a3xy
3+a4y
4,
where pi | ai, i = 0, 1, 2, 3, 4, for some prime p. In particular, integral quartic
binary forms that are non-maximal must factor modulo some prime p as a
constant times the 4-th power of a linear form. We will note here that all
the forms discussed in this section are indeed maximal.
5.1. Quartic Forms Modulo 2. If the form F is congruent to xy(x+ y)2
modulo 2, no odd integer h can be represented by F (x, y). On the other
hand, if the form F is congruent to (x2+xy+y2)2 modulo 2, no even integer
h can be represented by F (x, y) if we seek primitive solutions in (x, y) ∈ Z2.
To ensure that a quartic Thue equation F (x, y) = h has a solution in Z2,
we will assume that
F (x, y) ≡ L1(x, y)L2(x, y)3 (mod 24),
where L1(x, y) and L2(x, y) are linearly independent linear forms modulo 2.
Then the system of two linear equations
L1(x, y) ≡ h (mod 24)
L2(x, y) ≡ 1 (mod 24),
has a solution and therefore, by Hensel’s Lemma, F (x, y) = h is soluble in
Z2.
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The 2-adic density of quartic forms F (x, y) such that F (x, y) ≡ L1(x, y)L2(x, y)3
modulo 24 is
(19)
6
25
=
3
16
,
where the linear forms L1 and L2 can be chosen from the three linear forms
x, y, or x+ y.
5.2. Quartic Forms Modulo Large Primes. Let us consider the curve
C : hz4 = F (x, y) of genus g = 3 over the finite field Fq of order q. By
the Hasse–Weil bound, the number of points N on the curve satisfies the
inequality
|N − (q + 1)| ≤ 2g√q.
Let p be a prime p > (2g+1)2 = 49, p 6∈ {p1, p2, p3}, p ∤ h. We will assume
that F (x, y) does not factor as cM(x, y)2 modulo p for any quadratic binary
formM(x, y) and constant c over Fp. By definition, these forms are maximal
over Zp. It follows from this assumption that the curves hz
n = F (x, y)
are irreducible over Fp. The Hasse-Weil bound thus applies to each such
curve hz4 = F (x, y) to produce a smooth point. Therefore by Hensel’s
lemma, such a smooth Fp-point will lift to a Zp-point. We conclude that
the quartic forms Gj(x, y), constructed as described in Section 4 from such
a form F (x, y), all represent h in Zp for primes p > (2g + 1)
2 as well.
The p-adic density of binary quartic forms that are primitive and not
constant multiples of the second powers of quadratic binary forms modulo p
is
(20) 1− (p − 1)(p + 1)p
2p5
− (p− 1)(p + 1)
p5
,
where the summand − (p−1)(p+1)p2p5 eliminates forms of the shape cM2(x, y) =
c(x−b1y)2(x−b2y)2 or cM2(x, y) = c(x−b1y)2y2 (mod p), and the summand
− (p−1)(p+1)
p5
eliminates forms of the shape cL(x, y)4 (mod p), with L(x, y) a
linear form modulo p.
5.3. Quartic Forms Modulo Special Odd Primes. For p | h we will
assume that
F (x, y) ≡ L1(x, y)L3(x, y)3 (mod p),
where L1(x, y) and L2(x, y) are two linearly independent linear forms modulo
p. Then F (x, x) = h reduces to F (x, y) = 0 (mod p). This curve over Fp
is the union of two lines, L1 = 0 and L2 = 0 (the latter has multiplicity 3).
These lines intersect in exactly one point. Since L1 = 0 has at least three
points over Fp, the curve F = 0 (mod p) has at least two smooth points over
Fp (i.e., all points other than that intersection point). By Hensel’s Lemma,
these smooth points will lift to Zp-points on the curve F = 0. Thus the
equations F (x, y) = h and Gj(x, y) = h will be locally soluble modulo p.
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Similarly, for every odd prime p 6∈ {p1, p2, p3}, with p < 49 (these are the
primes not considered in Subsection 5.2), we will assume that
F (x, y) ≡ L1(x, y)L2(x, y)3 (mod p),
where L1(x, y) and L2(x, y) are linear forms that are linearly independent
modulo p. We note that this condition implies that F (x, y) ≡ h (mod p)
has solutions in integers, for L1(x, y) and L2(x, y) are linearly independent
and therefore we can find x0, y0 ∈ Z satisfying the following system of linear
equations.
L1(x0, y0) ≡ h (mod p)
and
L2(x0, y0) ≡ 1 (mod p).
The p-adic density of primitive binary quartic forms of the shape
(21) L1(x, y)L2(x, y)
3 (mod p)
where L1(x, y) and L2(x, y) are linearly independent linear forms modulo p
and is
(22)
(p + 1)p(p − 1)
p5
.
The above density is calculated by considering the unique factorization of
the form F modulo p as
m0(x− b1y)(x− b2y)3,
with m0 non-zero, and b1 and b2 distinct roots (possibly∞) modulo p. Such
forms are maximal over Zp
6. Completing the proof
For i = 1, 2, 3, let pi be the i-th prime greater than 4 such that pi ∤ h and
set
m = hp1p2p3,
and
P = {p1, p2, p3}.
For example, if h = 1, we will choose p1 = 5, p2 = 7, and p3 = 11.
Let F (x, y) be a maximal primitive irreducible integral quartic binary form
which has a trivial stabilizer in GL2(Q), with
|DF | > (3.5)24 48
(
3∏
i=1
pi
)12
.
We note that the above assumption on the size of the discriminant of quartic
forms exclude only finitely many GL2(Z)-equivalence classes of quartic forms
(see [5, 8]).
In order to ensure that h is represented by F in R, we assume that the
leading coefficient of F is positive if h is positive and negative otherwise.
Assume further that F (x, y) splits completely modulo the primes p1, p2, p3.
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As before, we denote the genus of the curve hz4 = F (x, y) by g, which equals
3. Assume that for every prime p 6∈ {p1, p2, p3} = P, with p < (2g +1)2, we
have
F (x, y) ≡ L1(x, y)L2(x, y)3 (mod p),
where L1(x, y) and L2(x, y) are linear forms that are linearly independent
modulo p.
Finally, assume, for each prime p > (2g+1)2, that F (x, y) does not factor
as cM(x, y)2 modulo p for any quadratic binary form M(x, y) and constant
c over Fp.
By Proposition 2.1, and taking ǫ = 112 , there are at most
36− 16i + 4− i1
4
= 52− 20i
primitive solutions to the equation
F (x, y) = m = hp1p2p3,
where 2 i is the number of non-real roots of the polynomial F (X, 1).
By Lemma 4.1, each primitive solution (x0, y0) of F (x, y) = m corre-
sponds uniquely to a solution of Gi(x, y) = h, where 1 ≤ i ≤ 43 is also
uniquely determined by (x0, y0). Since
43 − 52 + 20i = 12 + 20i ≥ 12
we conclude that at least 12 of the 64 equations Gi(x, y) = h have no
solutions in integers x, y. We also note that if we start with a form F (x, y)
which has 2i non-real roots in C, each new form Gi, constructed from F
under some rational transformations, will also have exactly 2i non-real roots
in C.
By (18), and Theorems 3.1,3.2 and 3.3, we have the following lower bound
for the density of integral quartic forms that represent h locally, but not
globally.
(23) µ =
12
(p1p2p3)
5 δ2
∏
p∈P
σ(p)
∏
p≥49, p 6∈P, p∤h
λ(p)
∏
p|h or p<49
γp,
where, via (12), (19), (20), (22),
δ2 =
3
16
,
σ(p) =
(p− 1)2(p+ 4)(p − 2)(p − 3)
4! p5
,
λ(p) = 1− (p− 1)(p + 1)p
2p5
− (p − 1)(p + 1)
p5
,
and
γ(p) =
(p + 1)p(p− 1)
p5
.
In (23) all products are over rational primes.
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Remark. We note that for all, but finitely many primes p, the density
λ(p) contributes to the product in (23), and therefore, the density µ is a
real number satisfying 0 < µ < 1. In fact, this is the reason that we have
condition (1) in Subsection 2.7 of [4] on convergence of the function φ defined
by congruence conditions held here. We did not discuss this function φ in
details, instead we referred to Subsection 2.7 of [4], where it can be verified
that the conditions that we are imposing modulo all primes correspond to
an acceptable function φ, and therefore our congruence conditions modulo
infinitely many primes appropriately satisfy Theorem 2.21 of [4], and we can
apply Theorem 3.3 in our applications here.
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